o

K. 05B30

LEVAAMET

B S AR HE

X XAE:

2 Z: 11335044

KT ZHEMRBRE KA N

Incidence Structures Related to Difference
Sets and Their Applications




WL 1 228 5

FE N2 44 Jerod Evan Michel
EERSESUlIIE Feng Tao
Tl 4 FR Mathematics
5T 7 1) - Combinatorics
FIT e Bt Zhejiang University

WA H Y]




Dedication

I would like to dedicate the writing of this thesis to my wife, Gao Rong, without whose help

I would not have been able.



Acknowledgement

I would like to take this opportunity to express my gratitude for those who aided me with all
of the various aspects of conducting research. First and foremost, I would like to thank Dr. Feng
Tao for his guidance, patience, and words of encouragement which have, more than once, given
me hope to complete my graduate studies. I would also like to thank my committee members for
their efforts and contributions, and the School of Mathematics at Zhejiang University for providing
me with excellent facilities to carry out research. Also, I would like to express my gratitude for the

scholarship provided by the China Scholarship Council.



Abstract

In this thesis we study incidence structures that are related to difference sets and almost dif-
ference sets. We first discuss ¢-adesigns, which were coined by Cunsheng Ding in “Codes from
Difference Sets” (2015). It is clear that 2-adesigns are partially balanced incomplete block designs
which naturally arise in many combinatorial and statistical problems. We discuss some of their
basic properties and give several constructions of 2-adesigns (some of which correspond to new
almost difference sets and some to new almost difference families), as well as two constructions of
3-adesigns. We discuss basic properties of the incidence matrices and make an initial investigation
into the codes which they generate. We find that many of the codes have good parameters in the
sense they are optimal or have relatively high minimum distance. We then turn our discussion to
partial geometric difference sets which were coined by Oktay Olmez in “Symmetric 1%—Designs
and 1%—Difference Sets” (2012), and partial geometric difference families, which were coined by
Kathleen Nowak et al. in “Partial Geometric Difference Families” (2014). Using Galois rings and
Galois fields, we construct several infinite classes of partial geometric difference sets, and partial
geometric difference families, with new parameters. Furthermore, these partial geometric differ-
ence sets (and partial geometric difference families) correspond to new infinite families of directed
strongly regular graphs. We also discuss some of the links between partially balanced designs,
2-adesigns and partial geometric designs, and make an investigation into when a 2-adesign is a

partial geometric design.
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Chapter 1. General Overview and Introduction

In this chapter we give a brief history of the theory of combinatorial designs and related
combinatorial objects. We then give a brief explanation of our motivations as well as an overview

of the thesis.

The conception of combinatorial designs lies in the work of Fisher and Yates in the 1930’s
[27], [S51]. Combinatorial designs have an important impact on coding theory and graph theo-
ry. For instance, Delsarte’s thesis presented many powerful uses of combinatorial designs toward
coding theory and graph theory [15]. Combinatorial designs have extensive applications in many
fields, including finite geometry [16], [30], design of experiments [9], [28], cryptography [13],

[47], and authentication codes and secret sharing schemes [40], [47].

A design is a pair (X, .A) where X is a set of elements called points, and A is a collection (i.e.
a multiset) of nonempty subsets of X called blocks. If v, k, A and ¢ are positive integers such that
v>k>2andt > 1,at— (v, k, \) design is a design (X, .4) where | X| = v, each block contains
exactly k points, and every t-subset of points of X is contained in exactly A blocks. A 2 — (v, k, \)
design if often referred to as a (v, k, \) balanced incomplete block design, or a (v, k, A)-BIBD.

Further reading on combinatorial designs can be found in [6], [12] and [47].

Difference sets are a powerful tool for obtaining new disigns. If GG is an (additive) group of
order v, let k£ and \ be integers such that v > k > 2. Then a (v, k, \) difference set in G is a subset
D C G such that |D| = k, and the multiset [z — y | z,y € D,z # y] contains every element in
G\ {0} exactly A times. The use of cyclic difference sets and methods for the construction of
symmetric block designs date back to R. C. Bose and his seminal paper in 1939 [5]. Further
reading on difference sets can be found in [21], [32] and [36].

One generalization of the difference set is the almost difference set. Two different types of
almost difference sets were introduced by Davis (1992) [14] and Ding (1994) [18]. The definition
we will use is a unified version of the two formulated by Ding et al. in 2001 [22]. If G is

an (additive) group of order v, let k£, A\ and ¢ be integers such that v > k > 2andt > 1. A
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(v, k, N\, t) almost difference set in G is a subset D C G such that |[D| = k and the multiset
[t —y | z,y € D,z # y] contains ¢ elements of G \ {0} exactly X times, and v — ¢t — 1 elements
exactly A+ 1 times. Further reading on almost difference sets can be found in [21], [23] and [38].
Difference sets [32] and almost difference sets [38] also have applications in many areas such as
digital communications [22], [54], sequence design [48], [52], and CDMA and cryptography
[13].

Recently, several generalizations of combinatorial designs related to difference sets and al-
most difference sets have been introduced and shown to be applicable to coding theory and graph
theory. Ding and Yin, in 2008, introduced the almost difference family. Constructions and appli-
cations of almost difference families can be found in [24] and [49]. Ding, in 2015, coined the
t-adesign (or t-almost design). Constructions of t-adesigns and applications to coding theory can
be found in [21], [24] and [35].

Olmez, in 2013, introduced the partial geometric difference set. These give a way of con-
structing new partial geometric designs, which are geometric objects coined by Bose et al. in 1976
[8] and studied further by Neumaier in 1980 [37]. It is clear that partial geometric designs have
several applications in graph theory, coding theory and cryptography [7], [9], [41], [43]. It was
shown by Brouwer et al. in [9] that directed strongly regular graphs can be obtained from partial
geometric designs. In [43], Olmez showed that certain partial geometric difference sets can be
used to construct plateaued functions. Constructions of new partial geometric designs from sym-
plectic geometry over finite fields were given by Z. Chai et al. in [11] (also see [53]). Nowak et
al., in 2014, introduced the partial geometric difference family. Constructions and applications to
graph theory can be found in [34] and [39].

This dissertation will provide new constructions of ¢-adesigns and discuss the parameters of
their related codes. We will also give new constructions of partial geometric difference sets and
partial geometric difference families as well as discuss their associated graphs, all of which are
directed strongly regular graphs with new parameters.

The organization of this dissertation is as follows. In Chapter 2, we give preliminary facts
and definitions on the theory of finite incidence structures, difference sets, linear codes, strongly
regular graphs and directed strongly regular graphs. In Chapter 3 we discuss t-adesigns and give
several new constructions as well as an investigation of their related codes. In Chapter 4 we discuss
partial geometric difference sets and partial geometric difference families and give several new

constructions. We also give a discussion of their associated directed strongly regular graphs.
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Chapter 2. Preliminaries

0.1 Incidence Structures and Partial Geometric Designs

An incidence structure is a pair (V, B) where V' is a finite set of points and B is a finite set of
blocks composed of points of V. For a given point u € V, its replication number is the number of
blocks of B in which it occurs, and is denoted by r,,. Given two distinct points u, w € V, their index
is the number of blocks in which they occur together, and is denoted r,,,. A tactical configuration
is an incidence structure (V, B) where the cardinalities of blocks in 3 and the replication numbers
of points in V' are both constant.

Let (V, B) be a tactical configuration where |V'| = v, each block has cardinality k, and each
point has replication number r. We call a member (u, B) of V' x B a flag if u € B, and an antiflag
if w ¢ B. For each point u € V and each block B € B, let s(u, B) denote the number of flags
(w,C) € V x Bsuchthatw € B\ {u},u € C'and C # B. If there are integers o’ and (' such

that

o, ifu¢ B,
s(u, B) =
A, ifuc B,

as (u, B) runs over V' x B, then we say that (V| B) is a partial geometric design with parameters

(v, k,r;a, 3.

0.2 Difference Sets and Almost Difference Sets

Let GG be a finite additive group with identity 0. Let k£ and A be positive integers such that

2 <k <wv. A(v,k,\) difference set in G is a subset D C G that satisfies the following properties:
. (D] =k

e the multiset {x — y | z,y € D, x # y} contains every member of G \ {0} exactly A times.
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Almost difference sets are a generalization of difference sets. A (v, k, A, t) almost difference set in

G is a subset D C ( that satisfies the following properties:
. D=k

e the multiset {x —y | z,y € D,z # y} contains t members of G \ {0} which appear \ times

and v — 1 — ¢ members of G \ {0} which appear A + 1 times.

Let G be an additive group of order v. A k-element subset D C G has difference levels

1 < -+ < ug if there exist integers ¢4, ..., t; such that the multiset

contains exactly ¢; members of G\ {0} each with multiplicity p; forall 7, 1 <i < s. We will denote
the ¢; members of the multiset M/ with multiplicity p; by 7;. Note that the 7;’s form a partition of
G\ {0}. It is easy to see that in the case where s = 1, D is a difference set [32], and in the case
where s = 2 and po = p1 + 1, D 1s an almost difference set [38]. In this correspondence we are
concerned only with those structures having two difference levels, and all groups are assumed to be
additive. The basic equation describing a k-element subset D C G with difference levels i1 < o
is given by

Let V be a v-set and B a collection of subsets of V/, called blocks, each having cardinality k.
If there are positive integers j1; < po such that every subset of V' of cardinality ¢ is incident with
exactly u; blocks for ¢ = 1 or 2, and for each 7,7 = 1, 2, there exists a subset of V' of cardinality ¢
that is incident with exactly y; blocks, then we say that the incidence structure (V, B) has t-levels
p1 < . We denote |B| by b. An incidence structure (V, ) is called symmetric if b = v. In the
case where s = 2, (V, B) is a partially balanced incomplete block design, and if po = p1 + 1, we
call (V,B) at-(v,k, pu1) adesign (or simply a t-adesign), which was coined by Ding in [21]. Tt is
easy to see that in the case where s = 1, (V, B) is simply a ¢t-design [47].

We call the set {D + ¢ | g € G} of translates of D, denoted by Dev(D), the development of

D. We have the following lemmas whose proofs are omitted as they are simple counting exercises.

Lemma 0.2.1. Let D be a (v, k, \) almost difference set in an Abelian group G. Then (G, Dev(D))
is a 2-(v, k, \) adesign.
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Let (V, B) be an incidence structure with ¢-levels p; < po. Let A be a v by b matrix whose
rows and columns are indexed by points and blocks respectively and whose (i, j)-th entry is 1 if the
point corresponding to the ¢th row is incident with the block corresponding to the jth row, and 0
otherwise. We call A the incidence matrix of (V, ). We will denote the n x n identity and all-one

matrices by [,, and J, respectively, or, when it is clear from the context, simply by I and J.

Lemma 0.2.2. Let D be a k-subset of an Abelian group G of cardinality v with the two differ-
ence levels 11 < jo. Let A be the v X v incidence matrix of the symmetric incidence structure
(G, Dev(D)). Then

ATA = AA" = kI + Ay + po(J — A—1). (0-2)

0.3 Partial Geometric Difference Sets and Partial Geometric Difference Fam-

ilies

Let G be a finite (additive) Abelian group and S C G. Let A(S) denote the multiset {z — y |
z,y € S}. For a family S = {51, ..., 5,,} of subsets of G, we let A(S) denote the multiset union
LJ—, A(S;). For asubset S C G we let d5(z) denote |{(z,y) € S x S | z =z — y}|. For a family
S ={5S,..., S, } of subsets of G we let dg, (2) denote |{(z,y) € S; X S; | z =z — y}|.

Let v, k and n be integers with v > k > 2. Let GG be a group of order v. Let S = {51, ..., S}
be a collection of distinct k-subsets of (5. If there are constants «, 5 such that for each x € G and
eachi € {1,...,n},

n a, ifx ¢ S,

Z Z ds;(x —y) =

yes; i=1 B, ifz e S,
then we say S is a partial geometric difference family with parameters (v, k, n; «, ). For details
on the relationship between partial geometric difference families and difference families the reader
is referred to [39]. Whenn = 1 and § = {S}, we simply say that S is a partial geometric differ-
ence set with parameters are (v, k; a, ). For details on the relationship between partial geometric
difference sets and difference sets the reader is referred to [42].

Again let G be a group and S = {51, ..., S} a collection of distinct k-subsets of G. We call
the multiset union of translates | |” {S; + ¢ | ¢ € G} the development of S, and denote it by
Deuv(S). By the proof of Theorem 3 in [39] we have the following.

10
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Theorem 0.3.1. Let S = {5}, ..., S, } be a collection of distinct k-subsets of a group G of order v.
If S is a partial geometric difference family with parameters (v, k,n; «, ), then (G, Dev(S)) is a
partial geometric design with parameters (v, k, kn; o/, ') where o/ =37 o >0, ds,(x — y) for

¢ Spand B =37 g\ 1ay 2oimr (0s,(x —y) — 1) for x € S; (see Remark 0.3.1).

Remark 0.3.1. The parameters for the corresponding partial geometric designs seem to disagree
in Lemma 2.4 of [42] and Theorem 3 of [39]. To see this, the reader should compare Definition
2.2 of [42] to Definition 1 of [39].

0.4 Strongly Regular Graphs and Digraphs

For a more detailed introduction to directed strongly regular graphs the reader is referred
to [41] and [33]. In this paper all graphs are assumed to be loopless and simple. Let I' be an
undirected graph with v vertices. Let A denote the adjacency matrix of I'. Then I is called a

strongly regular graph with parameters (v, k, A, ) if
A2 =Kl + XA+ pu(J—1—A)and AJ = JA =kJ.

A directed graph I' with adjacency matrix A is said to be a directed strongly regular graph with

parameters (v, k,t, \, p) if
A2 =t + ANA+p(J — T — A)and AJ = JA = kJ.

The following theorems were proved in [9].

Theorem 0.4.1. Let (V, B) be a tactical configuration, and let T be the directed graphs with vertex

set

V={(u,B) €V xB|u¢ B}

and adjacency given by

(u, B) = (w,C) ifand only if u € C.

Then T is directed strongly regular if and only if (V, B) is a partial geometric design.

11
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Theorem 0.4.2. Let (V, B) be a tactical configuration, and let T be the directed graphs with vertex
set

V={(u,B) eV xB|ue€c B}
and adjacency given by

(u, B) = (w,C) ifand only if (u, B) # (w,C) and u € C.

Then T is directed strongly regular if and only if (V, B) is a partial geometric design.

0.5 Linear Codes

A linear binary code C' of length n and dimension k (or simply an [n, k] code), is a k-
dimensional linear subspace of the n-dimensional binary vector space F3. The dual C* of an
[n, k] code C' is the [n,n — k] code that is the orthogonal space of C' with respect to the inner
product of the binary field. Any basis of C is called a generator matrix of C, and any basis of C*
is called a parity check matrix of C'. The Hamming distance between two vectors x = (x1, ..., ;)
and y = (Y1, ..., Y») is the number of indices ¢ such that x; # y;. The Hamming weight of a vector
is the number of its nonzero coordinates. The minimum distance d of a code is smallest possible
distance between pairs of distinct codewords. An [n, k] code C is self-orthogonal it C C C*.
An [n, k] code C is optimal if, given its length and dimension, has the largest possible minimum

distance. The best codes for a given length and dimension can be found in the code tables in [29].

0.6 Group Ring Notation

For any finite group G the group ring Z |G| is defined as the set of all formal sums of elements

of G, with coefficients in Z. The operations “+” and “-” on Z [G] are given by

Z agg + Z byg = Z(ag +bg)g

geG geqG geqG
and
(Z agg> (Z m) =3 agbilg +h).
geqG heG g,heG

where are a,4, b, € Z.
The group ring Z [G] is a ring with multiplicative identity 1 = Id, where Id is the identity
element of G, and for any subset X C G, we denote by X the sum ) _ =, and we denote by

X 'thesum >, (—).

12
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0.7 Cyclotomic Classes and Cyclotomic Numbers

Let g be a prime power, and 7 a primitive element of I 2. The cyclotomic classes of order e
are given by Cf = 7*(7¢) fori = 0, 1,...,e — 1. Define (7, j). = |Cf N (C§ 4 1)|. It is easy to see
there are at most e? different cyclotomic numbers of order e. When it is clear from the context, we

simply denote (7, j). by (7, j). We will need the following lemma.

Lemma 0.7.1. [38] Let ¢ = ef + 1 be a prime power for some positive integers ¢ and f. In the
group ring Z [F | we have
e—1

CiCf =ayl+) (j—ik—i).C;
k=0

where )

f, ifmisevenand j =1,

aij =\ f, ifmisoddand j =i+ %,

0, otherwise.
\

13



Chapter 3. Adesigns

0.8 Introduction

We will assume some familiarity with combinatorial design theory. A t-(v, k, \) design (with
v >k >t > 0)is an incidence structure (V, 5) where V' is a set of v points and B is a collection of
k-subsets of V' (called blocks), such that any ¢-subset of V' is contained in exactly A blocks. When
t = 2, a t-design is sometimes referred to as a balanced incomplete block design. Denoting the

number of blocks by b and the number of blocks containing a given point by r, the identities
bk = vr

and

r(k—1)=(v—1)A

restrict the possible parameter sets. A t-(v, k, \) design in which b = v and r = k is called
symmetric, and any two blocks meet in A points. A ¢-(v, k, ) design is called quasi-symmetric if
there are exactly two intersection numbers among pairs of blocks. The dual (V, B)* of an incidence
structure (V, B) is the incidence structure (5B, V') with the roles of points and blocks interchanged.
A symmetric incidence structure always has the same parameters as its dual.

We will also assume familiarity with difference sets and almost difference sets. For the con-
venience of the reader we recall the following definitions. Let GG be a finite additive group with
identity 0. Let k& and \ be positive integers such that 2 < k < v. A (v, k, \) difference set in G is a

subset D C ( that satisfies the following properties:
. D] =k,
e the multiset {x —y | 2,y € D,z # y} contains every member of G \ {0} exactly A times.

Almost difference sets are a generalization of difference sets. A (v, k, A, t) almost difference set in

G is a subset D C ( that satisfies the following properties:

14
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o |D|=F,

e the multiset {z —y | x,y € D,z # y} contains ¢t members of G \ {0} which appear \ times

and v — 1 — ¢ members of G \ {0} which appear \ + 1 times.

One motivation for studying t-adesigns is in constructing linear codes. Also, due to their having
extensive applications, it is worthwhile to study the combinatorial objects arising from almost
difference sets. In Section 0.16 we give three constructions of 2-adesigns from quadratic residues,
several constructions of 2-adesigns which are almost difference families are given in Section 0.17,
and some constructions of 2-adesigns from symmetric ¢-designs are given in Section 0.11. In
Section 0.18 we discuss 3-adesigns and two constructions are given, and in Section 0.13 we discuss
the codes of t-adesigns (and some related structures), and include some of the codes with good

parameters in a table. Section 0.19 closes the chapter.

0.9 Constructions of 2-adesigns from Quadratic Residues

Cyclotomic classes have proven to be a powerful tool for constructing difference sets and
almost difference sets, e.g. see [22], [23], [38]. Let g be a prime power, [, a finite field, and
e a divisor of ¢ — 1. Denote % by f. For a primitive element « of F, let D§ denote (a°), the

multiplicative group generated by o, and let
D¢ =a'D, fori=1,2,....,e — 1.
We call D¢ the cyclotomic classes of order e. The cyclotomic numbers of order e are defined to be
(i,5)e = | D N (DS + 1)) .

It is easy to see there are at most ¢? different cyclotomic numbers of order e. When it is clear
from the context, we simply denote (7, j). by (7, j). The cyclotomic numbers (h, k) of order e have

the following properties ( [17]):

(ha k) = (6 - ha k — h)> (0'3)

ko h), it ,
(k) — (k,h) if f even 0

(k+ & h+%), if fodd.
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Our first three constructions make use of quadratic residues. We will need the following

lemma [17].

Lemma 0.9.1. If g = 1 (mod 4) then the cyclotomic numbers of order two are given by

qg—>o
(070) = T>
0,1) = (1,0):(1,1):%1.

If ¢ = 3 (mod 4) then the cyclotomic numbers of order two are given by

qg+1
(071) = Ta
(0,0) = (1,0):(1,1):%.

We are ready to give our first construction.

Theorem 0.9.1. Let q be an odd prime power and « a primitive member of F,.. Define C; = {z €
Zy1 | @ € D? — 1} fori = 0,1. Then the incidence structure (Z, 1 U {oo}, Dev>(Cy) U
Dev(C))), where Dev™(Cy) denotes the blocks of Dev(Cy) each modified by adjoining the point

. 1 g— .
“00”, is a 2-(q, 5=, q—25) adesign.

Proof: We will denote {a | z € C;} by a%i. For w € Z,_, we have
|Co N (Co +w)| = [a® Nat
which, since «* is nonzero and

(D5 = D)\ {0}) N (D5 — ") \{O})] = (D5 \ {1}) = 1) N ((@" D5\ {a"}) — a”)],

(D3\{1}) N (D} {0} + (1 —a™)|  if weven,
(D3\{1}) N (DF\ {0} + (1 - a®))]  if w odd.

Since a¥(1 — a®)™! = (1 — a®)~! — 1, this becomes
(DN (L =a*)" ' H N (DF\{(1 —a*)"" =1} + 1) ifweven,
(DENA{1 =) H N (DIN{(1 =)™t =1} + 1) ifw odd,

16
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which simplifies to
|ID2N (D3 + 1)\ {(1 —a“)"'} if weven,
|ID2N (D3 + 1)\ {(1—a“)" '} ifwodd.

There are four cases depending on the parity of w and whether (1 — a¥)~! € D2 or D?. By

Lemma 0.9.1 we have

(0,0) =1 ifwevenand (1 —a¥)™' € DZ,
(0,0) if wevenand (1 —a¥)~! € D2,
|Co N (Co+w)| =
(0,1) =1 ifwoddand (1 —a*)" € DZ,
| (1,0) =1 ifwevenand (1 —a”)"" € D2.
Thus if ¢ = 1(mod 4) then
q—9

= ifwevenand (1 —a*)™" € Dg,
Co N (Co +w)| =

I otherwise,

and if ¢ = 3(mod 4) then

ICoN (C ) 2 ifwoddand (1 —a*)™* € Dj orif wevenand (1 —a®)~! € D},
oM (Co+w)| =

o otherwise.

Also, we have

|IDIN(Di+1)+ (1 —av)| ifweven,
|Ol N (01 +w)| =

D20 (D24 1)+ (1 —a®)| if wodd.

Thus if ¢ = 1(mod 4) then

i
ot

if wevenand (1 — %)™t € D2,

-]

|IC1 N (CL 4+ w)| =

i
L

otherwise.

-]

and if ¢ = 3(mod 4) then

“1 if wodd and (1 — a®)~' € D3,
|C1N(Cy+w)| =

3 otherwise.

’J;|

We need to compute the number of blocks of (Z,_1, Dev(Cy)UDev(C})) in which an arbitrary
pair of points appear. Consider the incidence structures (Z,_, Dev(C;)) fori = 0, 1. Let Ci-, (C;+

17
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w)* denote the points of the dual structures (Dev(C;), Z,_1) corresponding to the blocks C;, C; +
w. We have that (Z,_1, Dev(C;)) is a symmetric incidence structure and by Lemma 0.2.2 the
number of blocks of (Z,_1, Dev(Cy) U Dev(C4)) in which the points Ci-, (C; 4+ w)* appear is, if
q = 1(mod 4),

g—1 __ 2¢—-10

2= if weven and (1 — %)™ € D2,

4

+
95 p o5 — 20210 jfyevenand (1 — a®)~! € D?,
+

1
qg—1 _ 2q—6 :
- =7 otherwise,

and if ¢ = 3(mod 4),

q—3 q—3 29—6 1 — -1 2
— +4° ="~ ifwoddand (1 -a")"" € Dg,
q—"7 g+l _ 2¢—6 ; — -1 2
— +4- ="~ ifwevenand (1 —-a")"" € Df,
=7  ¢=3 _ 2¢-10 Wi

& + 4= = = otherwise.

It is easy to see that the block sizes of the incidence structures (Z,_;, Dev(Cy)) and (Z,—1, Dev(Ch))
are Q;23 and % respectively and that the number of blocks containing a given pointin (Z,_1, Dev(Cy))
is 225 Then the incidence structure (Z,_; U {oo}, Dev™(Cy) U Dev(C})), where Dev™(Cp) de-
notes the blocks of Dev(Cy) each modified by adjoining the point oo, is a 2-adesign. 0J
Note that appending the symbol “oco” to certain blocks in a combinatorial design has been done
before, e.g. see Chapter 8 of [31]. Our constructions in this section also use this symbol only,
rather than extending complimentary blocks to obtain a 3-design, we first consider various other
ways of obtaining a set of blocks where any two have lengths differing by at most one, and then

extend the shorter blocks to obtain a 2-adesign.

Example 0.9.1. With g = 11 and C; defined as in Theorem 0.9.1 we get that (Z1oU{c0}, Dev™>(Cy)U
Dev(Ch)) is a 2-(10, 5, 3) adesign with blocks:

{0,1,3,4,8} {1,3,4,6,7} {2,4,5,7,8}  {0,2,3,7,9} {3,5,6,8,9}
{0,1,5,7,8} {1,2,4,5,9} {0,2,3,5,6} {0,4,6,7,9} {1,2,6,8,9}
{2,5,6,7,00} {0,1,6,9,00} {3,6,7,8,00} {1,4,5,6,00} {0,1,2,7,00}
{1,2,3,8,00} {2,3,4,9,00} {4,7,8,9,00} {0,5,8,9,00} {0,3,4,5,00}

18
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The next two constructions will use the following lemmas.

Lemma 0.9.2. [ 1] Let p be a prime. The number of pairs of consecutive quadratic residues mod p
LS
1 p—1

—(p—4-(-1)7)

N@=4

and the number of pairs of consecutive quadratic non-residues mod p is

71

1 p=1
N'p) = =2+ (=1)=)
In the sequel we will sometimes use the following lemma without making reference to it.

Lemma 0.9.3. [3] Let p = 1(mod 4) be a prime. Then the set of quadratic residues mod p forms a

(p, pT_l, ’%5 1) almost difference set in Z,.

Lemma 0.9.4. Let p = 1(mod 4) be a prime and D C Z, be the set of quadratic residues. Two
distinct points x,y € D occur together in exactly 2%5 translates of D if and only if x — y is a
quadratic residue. Dually, D + x and D + y are translates of D with x —y € D if and only if
(D +2)N (D +y)| = 552

Proof: Let xz,y € D be distinct. Denote ’%5 by A. Without loss of generality we can take
y = 1. Let
D.D+ay,....,D+ay

be precisely the \ translates of D in which x and 1 appear together. Then
T=T1+0p =" =Tr1+ Q1

for some distinct quadratic residues x4, ..., x)_; and
l=y1+ar=-=y1+tar

for some distinct quadratic residues ¥4, ..., yx_1. Now suppose that x — 1 is a quadratic non-residue.

Then

t—l=x1—y =" =Tx1— U1

19
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Since p = 1(mod 4) we have (x — 1)~! is also a quadratic nonresidue. Then we have
l=z-D'2—@-D'=@-1D)" - (xz-1)""y

forz = 1,..., A\ — 1. This gives precisely A pairs of consecutive non-residues, these being the only
pairs of consecutive quadratic non-residues. But this contradicts Lemma 0.9.2, from which we have
that the number of pairs of consecutive quadratic non-residues is A + 1. The condition is necessary
and sufficient, and the dual argument follows from the fact that the 2-adesign (Z,, Dev(D)) is

symmetric. OJ

We are now ready to construct two more families of 2-adesigns.

Theorem 0.9.2. Let p = 1(mod 4) be a prime greater than 5, and let D C 7, be the set of
quadratic residues. Let B ={bN D | b € Dev(D),b # D}, and let By, be the set containing all
members of B of size ’%1, as well as all members of B of size ’%5 modified by adjoining the point
oo. Then (D U {oo}, By) is a 2-(2, 22, 22) adesign.

Proof: Let x,y € D be distinct. Denote 1%5 by A and p%l by k. If x and y appear together
in exactly A translates of D, then = and y appear together in exactly A blocks in B.,. Similarly, if
x and y appear together in A + 1 translates of D then x and y appear together in A 4 1 blocks in
B. We want to show that  and oo appear together in exactly A blocks in B,,. Without loss of

generality, we can take © = 1. There are £ — 1 blocks in B, containing 1. Let
D, D+ ay,....,D+ ay

be precisely the translates of D containing 1. By Lemma 0.9.4, if |[D N (D + «;)| = A, then «; is a
quadratic residue. If y 4+ «; = 1 then we have a pair y, —q; of consecutive quadratic residues. By

Lemma 0.9.2, the number of pairs of consecutive quadratic residues is exactly .

To see that there are pairs x,y € D of distinct points appearing in A — 1 blocks as well as
those appearing in A blocks, suppose that y1, ..., y,_1 be the k — 1 points in D \ {1}. We can again,
without loss of generality, take x = 1. Suppose that 1 and y; appear together in exactly A translates
of D foreachi, 1 <i <k —1. Theny; —1 € D for all y;. By Lemma 0.9.2 this gives too many

pairs of consecutive quadratic residues, which completes the proof. 0J
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Example 0.9.2. With p = 13 we apply Theorem 0.9.2 and get that (D U {o0}, By,) is a 2-(7,3,1)

adesign and B, contains the following blocks:

(4,10,00}  {3,4,10}  {1,3,12} {4,9,12}
{4,12,00} {10,12,00} {1,3,00} {1,9,00}

{1,4,9}  {1,10,12} {3,9,10} {3,9,0}
Let B and B, be defined as in Theorem 0.9.2. The second construction is the following.

Theorem 0.9.3. Let p = 1(mod 4) be a prime greater than 5, and let D C Z, be the set of
quadratic residues. Let B., be the set of complements of members of B, in Zy U {oo}. Then

(DU {00}, Bo) is a 2-(ELE, 222 2=2) adesign.

Proof: Let z,y € D U {oo} be distinct. Denote ’%5 by A and ’%1 by k. Suppose x and y
appear together in \ blocks in B,.. Then there are \ blocks in B, not containing z or 3. Also there
are k — 1 blocks in B, not containing = and k — 1 blocks not containing y. Then the number of

blocks in B, containing = and y is
Boo| = ({b € B | x ¢ b} + [{b € Buo | y ¢ B})) + [{b € B | 2,y ¢ b}

which is easily seen to be A + 1. A similar calculation shows that if = and y appear together in

A — 1 blocks in By then = and y appear together in A blocks B... 0J

Example 0.9.3. With p = 13 we apply Theorem 0.9.3 and get that (D U {00}, By,) is a 2-(7,4,2)

adesign and B, contains the following blocks:

{1,3,9,12} {4,9,10,00} {1,3,9,10} {4,9,10,12}
{3,9,10,00} {1,4,12,00} {1,9,12,00} {1,3,10,00}

{1,3,4,9}  {3,4,10,12} {3,4,9,00} {1,4,10,12}
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0.10 Constructions of 2-adesigns that are Almost Difference Families

Suppose G is a finite Abelian group of order v in which the identity element is denoted “0”.
Let k and A be positive integers such that 2 < k& < v. A (v,k,\) difference family in G is a

collection of subsets Dy, ..., D; of GG such that
o |D;|=kforalli,0<i<lI,

e the multiset union U._,{z — y | 2,y € D;,z # y} contains each member of G \ {0} with

multiplicity A,

and a (v, k, \, ) almost difference family is defined similarly only the multiset union U'_, {z — vy |
z,y € D;,x # y} contains t members of G \ {0} with multiplicity A and v — ¢ — 1 members of G
with multiplicity A + 1.

It is trivial that an almost difference family is a 2-adesign. All of the 2-adesigns in this section

are also almost difference families, however, our treatment will still be in terms of 2-adesigns.

Our next two constructions make use of quadratic residues. We will need the following lemma

[17].

Lemma 0.10.1. Let ¢ = 4f + 1 = 2% + 4y? be a prime power with x,y € Z and x = 1 (mod
4) (here, y is two-valued depending on the choice of the primitive root « defining the cyclotomic

classes). The five distinct cyclotomic numbers of order four for odd f are

—7+2
0.0 = (2.2) =20 =
1+ 22 —
01 = (13)=(@E2= 2%
1+2
(12) = (0.3)= @1 =112,
q+1—06x
9) = 4T -7
(0.2) 16 ’
3.2
all others = q?>—x7
16
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and those for even f are

_gq—11—6zx
0,0) = 16 ’
— 2
0.1) = (1,0)=(3,3) = L2248
16
— 2
02) = (20)=@2y="0E
—3+2x—28
0.3) = (3.0)= (1) = L=t
1-2
all others = q—i-—x
16

When computing difference levels of a subset C' of a group G, it is sometimes convenient to
use the difference function which is defined as d(w) = |C' N (C' + w)| where C' +w denotes the set
{c+w | ¢ € C'}. We are now ready to give our first construction of a 2-adesign that is a difference

family.

Theorem 0.10.1. Let g = 4f+1 = x> +4y? be a prime power with f odd. Let Cy = DgUD?{,Cy =

D3 U D3, and Cy = D¢ U D3. Then (F,, Dev(Cp) U Dev(Cy) U Dev(Cy)) is a 2-(q, 5+, 241)

adesign.

Proof: Letw™! € D;. First we let C denote DU D}, ;. Then when we expand |C' N (C' + w)|

we get
| Dien N (Di, + V)| +|Diy, N (D s + V| H| Dipr N (Digy + 1|+ Dipr N (Dipgy + 1))

whence

cCN(C+w)| = (i+hi+h)+G@+hi+h+1)+(GE+h+1i+h)+G@+h+1i+h+1)

(

9=2v=3  forj;=0and h = 0 or 2,

23 fori=0and h = 1 or 3,
— (by Lemmas 0.9.1 and 0.10.1)

q=2y—3 f0r¢:3andh:00r2,

23 forj =3 and h = 1 or 3.

We also have

1= forj=0or2,
1C;N(Cy+w)| =
i—= forj=1or3.
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Now consider the incidence structures (F,, DevC;) for j = 0,1, 2. Let C5-, (C; +w) " denote
the points of the dual structures (Dev(C}),F,) corresponding to the blocks C;, C; + w. We have
that (F,, Dev(C};)) is a symmetric incidence structure and by Lemma 0.2.2 the number of blocks

of (F,, Dev(Cy) U Dev(Ch) U Dev(Cy)) which the points C5-, (C + w)* appear in is

3g-11 oo 1 40 pa
I ifw™ € Dy U Dj,

3q—7 : -1 4 4

Another construction is the following.

Theorem 0.10.2. Let ¢ = 4f + 1 = 22 + 4y? be a prime power with f even and x = 1 or —3.
Then (Fy, Dev(Dg) U Dev(D3)) is a 2-(q, I+, ==22) adesign.

Proof: We have, by Lemma 0.10.1,

|D! N (D} +w)| = |Dyn(Dy+1)

= (i+hi+h)
(

S ifh=0i=00rh=2i=2,

G328 jfh=1,i=00rh=2,i=2,

=Stz ifh=2i=00rh=3i=2,

\q—3+126x+8y forh=3,i=00rh=0,i=2.

Now consider the incidence structures (F,, Dev(D})) fori = 0, 2. Let C;-, (C; + w)* denote
the points of the dual structures (Dev(D}),F,) corresponding to the blocks C;, C; + w. We have
that (F,, Dev(C;)) is a self-dual incidence structure and by Lemma 0.2.2 the number of blocks of
(F,, Dev(Dg) U Dev(D3)) which the points C;-, (C; + w)* appear in is

2q—14—4x . -1 4 4
16 if w c DD U DQ,

2¢—6+4z e 1 4 4
26tz f =1 € DU DI

Thus, we have (F,, Dev(Dg) U Dev(D3j)) is a 2-adesign whenever x = 1, or —3. O
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We close this section with yet a few more constructions. Now let ¢ be an odd prime power,

and C' C [F,. According to [38], if
1. C =D}!UD;,q=5(mod8) and ¢ = s* + 4 with s = 1(mod 4), or
2. C =D§UD¥UDSU DS, g =1* where [ is a prime power of form [ = t* 4+ 2 = 3(mod 8), or

3. C= UZ-GID;/aH where I C {0,1,..,,/q} with |I| = @ and ¢ = [? for some prime power
L,

then C'is a (g, q;—l, %, %) almost difference set in F,.

It is easy to show, also, that if ¢ is an odd prime power, (F,, Dev(D3) U Dev(D?)) is a

2-(q, q;21, %) design. We then have the following.

Theorem 0.10.3. Let q be an odd prime power, and C' C F,. If
1. C =D}UD} |, q=5(mod8) and ¢ = s* + 4 with s = 1(mod 4), or

2. C=D§UD¥UDSUDE q=1>wherel is a prime power of form | = t* + 2 = 3(mod 8), or

3. C = UZ-GID;/EH where I C {0,1,..,\/q} with |I| = ﬁ;l, I contains both even and odd

numbers, and q = 1? for some prime power ,

then (F,, Dev(D32) U Dev(D?) U Dev(C)) is a 2-(q, 55, 221) adesign.

2 4

0.11 Constructions of 2-adesigns from Symmetric Designs

Let (V, B) be an incidence structure with |3| = b. The numbers of blocks in which given
single points appear (called the replication numbers) become the block sizes of the dual (V, B)*,
and the intersection numbers among pairs of blocks become the numbers of blocks of (V, B)* in

which any two points appear. Then the following is clear.

Lemma 0.11.1. Ler (V, B) be an incidence structure with |B| = v, and in which the replication

numbers are a constant k and the intersection numbers among pairs of blocks are integers A\ and

A+ 1. Then (V,B)* is a 2-(b, k, \) adesign.

25



WK 2E T 228 S CHAPTER 3. ADESIGNS

Remark 0.11.1. The dual of a quasi-symmetric design whose intersection numbers x,y are such

that y — x = 1 is always a 2-adesign.

In [3] constructions of almost difference sets from difference sets were introduced. In this
section we further generalize this idea. We will use the following lemma which is actually a trivial

construction in itself.

Lemma 0.11.2. Let (V, B) be a symmetric 2-(v, k, \) design. Let by, ..., by be any k blocks in B.
Let “o00” denote a point. Let B' denote the blocks of B modified by adjoining the point “c0” to
each of by, ...,by. Then (V,B) is a 2-(v, k, \) adesign.

Proof: The replication numbers in the incidence structure (V, ') are all k, and the intersection

numbers among pairs of blocks in 5" are A and A + 1. The result follows from Lemma 0.11.1. O
Note that the number of times which Lemma 0.11.2 can be applied to any given symmetric
2-(v, k, \) designis | {].

The following theorem gives another construction.

Theorem 0.11.1. Let (V,B) be a symmetric 2-(v, k, \) design. Let b = {by,...,by} be a block.

Suppose that by, ..., by, are k blocks not equal to b such that
1. b; € b, foralli,1 <i <k, and
2. b; € byimplies by ¢ bj forall j #1,1 < 5,1 <k.

Let B’ denote the blocks of B modified by adjoining the point b; to the block b; for all i,1 < i < k,
and then removing the block b. Then (V,B')* is a 2-(v, k, \) adesign.

Proof: Tt is easy to see that the replication numbers of (V, B') are all k. The second condition
in the statement ensures that the intersection numbers among pairs of blocks of B’ are either A or

A + 1. The result then follows from Lemma 0.11.1. O

Next, we show how to construct almost difference sets from planar difference sets. The fol-
lowing constructions are not optimal but, for certain dimensions, give the best known value for d;.

A (v, k, \) difference set is called planar if A = 1. It is easy to show that, given a planar difference
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set D in an (additive) Abelian group G of order v, if we choose any aq € G\ D such that 2a, cannot
be written as the sum of two distinct members of D, then D U {a,} will be an almost difference set
with A = 1. This is simply due to the fact that, because of the way we chose ay, we cannot have
ag —a = b — ap for any a,b € D, thereby forcing each member of GG to appear as a difference of

two distinct members of D U {ag} only one or two times.

Again, let D be a (v, k, 1) difference set in an Abelian group G of order v. Also let x :
G — Zy x G by z — (0,x). Suppose ay,...,as_1 € G are such that the differences (1,7) in
k(D) UA{(1,ap),...,(1,as_1)} cover {1} x G each having multiplicity at most 2, that exactly one
of the a;s is a member of D, and twice any a; is not the sum of two other distinct a;s. If there
is at least one difference in k(D) U {(1,ao), ..., (1, as_1)} having multiplicity 1, then since the
difference (1,0) occurs exactly twice (because exactly one of the a;s is in D), we have both 1 and
2 occurring as multiplicities. No difference can occur with multiplicity greater than 2 since G is
planar and twice any a; is not the sum of two other distinct a;s. We also have the differences in
k(D) U {(1,ap),...,(1,as_1)} covering Zy x G: the differences (0, 7) cover {0} x G due to G
being a planar difference set and we have assumed that the differences (1, 7) cover {1} x G. This

discussion is summarized in the following.

Theorem 0.11.2. Let D be a (v,k,1) difference set in an (additive) Abelian group G. Sup-
pose ay, ...,as_1 € G are such that the differences (1,7) in k(D) U {(1,ag), ..., (1,as_1)} cov-
er {1} x G each having multiplicity at most 2, that exactly one of the a;s is a member of D,
and twice any a; is not the sum of two other distinct a;s. If there is at least one difference
in k(D) U {(1,a0),...,(1,as_1)} having multiplicity 1 then x(D) U {(1,a0),...,(1,as_1)} is a
(2u, k + s,1,t) almost difference set in Zo X G. The resulting symmetric 2-adesign (Zs x G,
Dev(k(D)U{(1,a9),...,(1,as_1)})) has parameters (2v, k + s, 1).

Example 0.11.1. Consider the Singer difference set D = {1,2,4} in Z. With ag = 0 we have 2ay
is not the sum of two distinct members of D, and k(D) U{(1,0)} is a (14,4,0, 1) almost difference
set in Zy4. With a; = 1 we have k(D) U{(1,0),(1,1)} isa (14,5, 1, 6) almost difference set in Z4

Example 0.11.2. Consider the Singer difference set D = {0,1,5,11} in Z13. With ay = 10, we
have 2ay is not the sum of two distinct members of D, and it is easily checked that xk(D)U{(1,10)}
is a (26,5,0,5) almost difference set in Zsg. With ay = 11 we have that k(D) U {(1, ay), (1,a1)}
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is a (26,6, 1,11) almost difference set.

Example 0.11.3. Now consider the Singer difference set D = {0,3,13,15,20} in Zy. We have
{9, 13,16} are such that the differences (1,7) cover {1} X Zg with multiplicities no more than 2
and that 13 is the only member that is also in D. It is also easy to see that the difference (1,9)
can only occur as the difference (1,9) — (0,0). Thus we have k(D) U {(1,9),(1,13),(1,16)} isa
(42,8, 1, 16) almost difference set.

0.12 Constructions of 3-adesigns

In this section we will give two constructions each of which produce infinitely many 3-

adesigns.

Our first constructions makes use of quadratic residues.

Theorem 0.12.1. Let g = 3(mod 4) be an odd prime power. Then (F,, Dev(D3) U Dev(D3?)) is a
3-(q, q;21’ ‘%7) adesign.

Proof: Denote % by k and % by X. Let x,y, 2 € F, be arbitrary. To count the number
of blocks in which x,y, z appear together, we first count the number of blocks of Dev(D32) U
Dev(D? U {0}) in which z, , z appear together. Suppose that the three points z, , z appear in p
blocks in Dev(D3). Using the fact that (F,, Dev(D?)) is a 2-(¢, k, \') design, a simple counting
argument gives that there are ¢ — 3k + 3\ — y blocks in Dev(D2) := Dev(D? U {0}) containing
x,y, z. Thus, there are ¢ — 3k + 3\ = X blocks in Dev(D2) U Dev(D?) containing , y, z. Since
w € D} U{0} + w for all w € F,, we want to know how many of the ¢ — 3k + 3\ — p blocks
in Dev(D2) are also in {D2 + x, D2 4+ y, D2 4+ z}. Without loss of generality suppose that both
D_g + 2 and D_?] + y contain the three points z,y, 2. Then we must have y — x, 2z — x ¢ D2 and
r —vy,z—y ¢ D?. But this would imply that x — y,y — x € D? where both z — y and y —
are nonzero. But this is impossible as the additive inverse of any member of D? cannot also be a
member whenever ¢ = 3(mod 4). Then no more than one of the blocks D2 + x, D2 + y, D2 + =
can contain all three of x,y, 2. We now need to show that there are two different 3-levels, i.e.
that (F,, Dev(D32) U Dev(D?)) is not a 3-design, but a 3-adesign. To show this we assume that
(F,, Dev(D?) U Dev(D?)) is a 3-(q, k, \)-design for some . Then the number of blocks must be
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given by /\%. The only choices for A are X or N — 1. If A = X\’ then we get that ¢ — 5 = ¢ — 4. If
3
A = X — 1 then we get that (¢ — 3)(q¢ — 5) = (¢ — 7)(q — 2). Either way we get a contradiction,

which completes the proof. 0

Example 0.12.1. With ¢ = 11 we apply Theorem 0.12.1 and get that (Z11, Dev(D3) U Dev(D?))
is a 3-(11,5, 1) adesign with blocks:

{1,3,4,5,9%  {2,4,5,6,10} {0,3,5,6,7% {1,4,6,7,8} {2,5,7.8,9} {0,4,5,6,8}
{3,6,8,9,10} {0,4,7,9,10} {0,1,5,8,10} {0,1,2,6,9% {1,2,3,7,10} {1,5,6,7,9}
{0,2,3,4,8}  {2,6,7,8,10} {0,3,7,8,9} {1,4,8,9,10} {0,2,5,9,10}
{0,1,3,6,10}  {0,1,2,4,7}  {1,2,3,5,8}  {2,3,4,6,9} {3,4,5,7,10}

Our second construction is related to graphs, though it is simple enough to avoid graph-

theoretical preliminaries.

Theorem 0.12.2. Let n (> 7) be an odd integer not divisible by 3. Consider, for fixed a € Z,, all
pairs {a —i (mod n),a +i (mod n)} fori = 1,--- ,25%. The union of any two distinct pairs
gives a block consisting of four points. Denote, for fixed a € Z,, the set of all blocks obtained in
this way by B,. Then (Z,,, Uz, B.) is a 3-(n, 4, 2) adesign.

Proof: Arrange all the points in a circle as is shown in the graph below. For any three points

T,Y, 2 € Ly, denote |z — y|, |xr — z|, |y — z| by dyy, daz, dy, respectively.

Since n is not divisible by 3, d,, = d,. = d,. cannot happen. Then suppose two of them are
equal. Without loss of generality, suppose d,. = d,.. Then when z and y are in a pair, z must be
the fixed point so that there is no block containing all three of x,y and z. When x and z are in a
pair or y and z are in pair, we can find exactly one block containing the three points in each case.
If d,,,d,. and d,. are distinct, then we can find one block containing these three points when any

two points are in pair, in which case we have three blocks containing these three points together.
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Example 0.12.2. With n = 7 we apply Theorem 0.12.2 and get that (Z7, Uez,B,) is a 3-(7,4,2)

adesign with blocks:

(1,7,2,6) {1,7.3,5} {2,6,3,5} {7,6,1,5} {7,6,2,4} {1,5,2,4} {1,4,2,3}
1,3,7,4) {1,3,6,5) {7,4,6,5} {7,2,6,3} {7,2,5,4} {6,3,5,4} {1,2,7,3}
1,6,2,5) {1,6,3,4} {2,534} {7,5,1,4} {7,5,2,3} {7.3,6,4} {1,2,6,4}
Let (V, B) be an incidence structure. Let p € V, and define B, = {B\ {p} | B € Bandp €
B}. We call the incidence structure (V' \ {p}, B,) the contraction of (V,B) at p. It is clear that

contracting at points of a 3-adesign will give a 2-adesign as long as not all 3-sets of points occur in

the same number of blocks of the contraction.

Example 0.12.3. The contraction at the point p = 1 of the 3-(11,5, 1) adesign in Example 0.12.1

is a symmetric 2-(10,4, 1) adesign with the ten blocks:

{3,4,5,9} {4,6,7,8} {0,5,8,10} {0,2,6,9} {2,3,7,10}

{4,8,9,10} {0,3,6,10} {0,2,4,7} {2,3,5,8} {5,6,7,9}
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Remark 0.12.1. Interestingly, a contraction at any point of the incidence structure (F,, Dev(DZ)U
Dev(D?)) from Theorem 0.12.1 gives a symmetric 2-(q—1, 152, 1) adesign and, since it contains

punctured translates of both D2 and D3, cannot be the development of any almost difference set.

0.13 Related Codes

0.13.1 Cyclic Codes

We assume some familiarity with cyclic codes. For more details on the subject the reader is
referred to [21]. An [n, k] code C over Fs is called cyclic if (g, c1, ..., ¢,—1) € C implies that the
circular shift (¢,,_1, o, ..., ¢n_2) is also in C'. By identifying any vector (¢, ¢1, ..., ¢,—1) € Fy with
the polynomial

co+ e+ e+t e, "t €Fy ] /(2™ — 1),

any linear code C of length n over F, corresponds to a subset of Fy [x] /(2™ —1). The code is cyclic
if and only if the corresponding subset is an ideal in the ring Fs [x] /(2™ — 1). Note that every ideal
of Fy [z] /(z™ — 1) is principal. Let g(z) € Fq [x] /(2™ — 1) be monic and of minimum degree, and
let C' = (g(z)). Then g(x) is called the generator polynomial of C, and h(z) = (z™ — 1)/g(z) is

referred to as the parity-check polynomial. The dimension of C'is given by the degree of h(x).

The following theorem is easy to prove.

Lemma 0.13.1. Let D be subset of Z,, with two difference levels. Define D(x) =Y. " € F [x],
g(x) = ged(z™ — 1, D(x)), and h(x) = (" — 1)/g(x). Then the code C' = (g(z)) is an [n, k]
cyclic code where k = deg(h(z)).

0.13.2 Known Results on Cyclic Codes from 2-adesigns

It is known that when p = 1(mod 4) the code C' = (DZ(z)) is a quadratic residue code if 2
is a square in ), and a trivial cyclic code otherwise [21]. When p = 9 + 4y* = 1(mod 4) resp.
p = 49 + 4y*> = 1(mod 4) is a prime, D] resp. Dj U {0} is an almost difference set [38]. If
D is either of these almost difference sets, then some parameters for the code C' = (D(x)) are
known and can be found in [20]. When p; and p, are primes such that po — p; = 4, the set &/ =

E£2) U{p1,2p1, ..., (p2 — 1)p1 }, where EfQ) ={0<i<pips | = —1}, is an almost difference

set [38], and some of the parameters of C' = (E(x)) are known and can be found in [19]. Lastly,
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when ¢ is a prime power and « a generator of I, the set D, = {0 < i <n — 1| Tr(a’) = 1} is
a planar almost difference set (i.e. with difference levels 0 and 1), and the code C' = (D,(x)) has
parameters [¢> — 1,q + 1,q — 1] [21]. There are many other constructions of almost difference

sets, and the parameters of their linear codes are open in general.

0.13.3 Cyclic Codes from Sets with Two Difference Levels

Sets with two difference levels that are not almost difference sets can also generate codes with
good parameters. For example, when ¢ = 1(mod 8) is a prime power with unique representation
q = 2% + 4y*> = a® + 2b? where x,a = 1(mod 4), and « is a generator of F*, we can define

D =D§uUD}UDSUDSand A; = |(D + o/ N D|. It was shown in [23] that

16q — 48 + 8 — 8a — 16y

Ag=D0y=Ay =Ny = o (0-5)
16 — 80 — 16 + 16a — 32
A=A, = 4 o i (0-6)
16 — 16
D=4 = = (0-7)

Thus, if 3(a —x) —2y = 4, we have that (F,, Dev(D)) is an incidence structure with two difference

16g—484+-8x—8a—16y

16g—16
64 :

64

levels given by 1y = and o =
Example 0.13.1. With ¢ = 73 we have the unique representation is given by x = —3,y = 4 and
a = 1,b = 6. Thus the two difference levels are |11 = 16 and pu, = 18. Since the difference
levels are = 0(mod 2), the inner product over the field Fy of any two rows of the incidence matrix
will be 0, making the code C' = (D(x)) self-orthogonal. We checked using MAGMA, and C' is
a [73,18,24] code. According the code tables in [29], the best binary code with length 73 and

dimension 18 has minimum weight 24.

We also have computed the following example using cyclotomic classes of order ten. The

cyclotomic numbers of order ten are known and can be found in%

Example 0.13.2. Let ¢ = 151, and define D = D,U D5 U DgU Dyg. Then D has the two difference
levels 1y = 22 and py = 24 and the code C' = (D(x)) is self-orthogonal. We checked using
MAGMA, and C'is a [151, 30, 48] code. According the code tables in [29], the best binary code

with length 151 and dimension 30 has minimum weight 48.
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Lemma 0.13.2. Let A be a v X v incidence matrix of the symmetric incidence structure (G, 1)
obtained from the development of some k-subset D in the Abelian group G (where |G| = v) with

difference levels j13 < -+ < us. Suppose thatk = p; = -+ - = ps(mod 2).

1. If k is even the binary code of length v with generator matrix A is self-orthogonal.

2. If k is odd the matrix

1

generates a binary self-orthogonal code of length v + 1.

Proof: By Lemma 0.2.2 we can see that, in both cases, the weights of the rows of the generator

matrix are all even and the inner product of any two rows is even as well. 0

We will refer to an incidence structure (V, 3) whose incidence matrix generates a self-orthogonal

code simply as self-orthogonal.

We will use the following lemma.

Lemma 0.13.3. Let (G, B) be a symmetric incidence structure coming from the development of a
k-subset D of the Abelian group G (where |G| = v) with difference levels i, and jio. Let t denote
the number of members of G\ {0} which appear ji, times in the multiset {x —y | x,y € D,x # y}.
The the number of pairs of points in G appearing in exactly i, blocks in B is %t and the number of

pairs of points of V' appearing in ji2 blocks is —v(v_gl_t)-

Proof: For each x € V, there are ¢ points in V' \ {2} each appearing together with x in exactly
(1 blocks. Thus, there are %t pairs of points of V' appearing in p; blocks. Similarly, there are
w pairs of points of V' appearing in p» blocks. It is easily seen that %t + @ = (;’) 0J
We were able to come up with the following bound on the minimum distance of a code gener-
ated by a self-orthogonal incidence structure with two difference levels. However, as is clear from

Examples 0.13.1 and 0.13.2, there is much room for improvement.
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Theorem 0.13.1. Let A be the incidence matrix of a self-orthogonal incidence structure (G, B)
coming from the development of a k-subset D of the Abelian group G (where |G| = v) with
difference levels (11 and piy. Let t denote the number of members of G \ {0} which appear 1, times
in the multiset {v — y | x,y € D,x # y}. The dual of the binary code with generator matrix A

has minimum distance

q> (k2 + k) + 1/ (p2 + k)2 + 4oz — )t
B 2412 .

Proof: Let S be a minimal set of linearly dependent columns of A. Then every row of A
must intersect an even number of these columns in 1s. Let n; denote the number of rows of A
intersecting exactly i columns of S in 1s. Let d = |S|. Since every column of A contains k 1s
(because the incidence structure (G, B) is symmetric) and the scalar product (over the reals) of any

two columns is either j; or ps, using Lemma 0.13.3 we have

and
> 2i(2i — V)ng; = pad(d — 1) = (p12 — )Vt
Subtracting the first equation from the second we have
> " 2i(2i — 2)ny; = d((d — D)z — k) — (p2 — pua)vt > 0.
On one hand we get that d((d — 1)z — k) > (u2 — pu1)vt > 0 and on the other hand we get that
d*p1o — d(ps + k) — (p12 — p1)vt > 0. The result follows from solving the quadratic. O

0.13.4 Noncyclic Codes from Adesigns

In general, the parameters of codes generated from adesigns are open. Using MAGMA we
have computed the parameters of the codes generated by the transpose of the incidence matrix of
many of our constructions. We have included the parameters and construction information in the

following two tables.
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Table 0-1  Parameters of codes from new 2-adesigns computed by MAGMA
2-adesign ref (v,k,\) | no. of blocks | code parameters | best d | optimal
Theorem 0.9.1 | (11,5,3) 20 20,11, 4] 5 no
Theorem 0.9.1 | (19,9,7) 36 (36,19, 7] 8 no
Theorem 0.9.2 (9,4,2) 16 [16, 8, 5] 5 yes
Theorem 0.9.2 | (21,10,8) 40 [40, 20, 9] 9 no
Theorem 0.9.3 (9,5,4) 16 [16,9,4] 4 yes
Theorem 0.9.3 | (21,11, 10) 40 40, 21, §] 8 no
Theorem 0.10.1 | (13,6,7) 39 (39,12, 12] 14 no
Theorem 0.10.1 | (29, 14, 19) 87 (87,28, 22] 24 no
Theorem 0.10.1 | (53,26, 37) 159 [159, 52, 36] 35 no
Theorem 0.10.2 | (17,4,1) 34 (34,16, 6] 8 no
Theorem 0.10.2 | (73,18, 8) 146 [146, 72, 20] 22 no

Note: The column “best d” contains the best known minimum distances according to >,

Remark 0.13.1. The [159, 52, 36] code corresponding to the 2-(53,26,37) adesign in Table 0-1
actually improves the lower bound for the minimum weight given in [29] for the best binary code

with length 53 and dimension 26.
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Table 0-2  Parameters of codes from new 3-adesigns computed by MAGMA

3-adesignref | (v,k,\) | no. of blocks | code parameters | best d | optimal
Theorem 0.12.1 | (7,3,0) 14 (14,7, 4] 4 yes
Theorem 0.12.1 | (19,9, 3) 38 (38,19, 8] 8 no
Theorem 0.12.2 | (7,4,2) 21 21,6, 8] 8 yes
Theorem 0.12.2 | (11,4,2) 110 [110, 10, 40] 50 no

Note: The column “best d” contains the best minimum distances according to [29].

Remark 0.13.2. The code corresponding to the 3-(7, 4, 2) adesign in Table 0-2 is in fact an optimal,
projective two-weight [21,6, 8] code, and so is an optimal code that corresponds to a strongly

regular graph [10].

Remark 0.13.3. The codes corresponding to the 3-(7,3,0) and 3-(19,9, 3) adesigns in Table 0-2

are both extremal self-dual codes [46].

0.14 Closing Remarks

We have investigated some generalizations of combinatorial designs arising from almost dif-
ference sets, especially the t-adesigns. We have discussed some of their basic properties and have
given several constructions for 2-adesigns, and two contructions for 3-adesigns. Many of the codes
arising from these structures have good parameters, as was discussed in Section 7, and we have
included some of these in the tables of the previous section. Questions concerning the parameters
of the codes arising from adesigns are open in general and, as good codes are arising from many

of these structures, further investigation would be worthwhile.
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Chapter 4. Partial Geometric Difference Families

0.15 Introduction

In this chapter we discuss partial geometric difference sets and partial geometric difference
families, which were introduced by Olmez in [42] and Nowak et al. [39]. Here it was also
shown that partial geometric difference sets and partial geometric difference families give partial
geometric designs. In this chapter we construct several new classes of partial geometric difference
sets and partial geometric difference families, thereby giving new directed strongly regular graphs,
and we also discuss some of their links to partially balanced designs and 2-adesigns, and make an

investigation into when a 2-adesign is a partial geometric design.

This chapter is organized as follows. In Section 0.16 we construct four classes of partial
geometric difference sets, in Section 0.17 we construct six classes of partial geometric differ-
ence families, in Section 0.18 we discuss some of the links between partially balanced designs,
2-adesigns, and partial geometric designs, and investigate when a 2-adesign is a partial geometric

design. Section 0.19 concludes the chapter.

0.16 New Partial Geometric Difference Sets

We will need the following lemmas.

Lemma 0.16.1. [4] Let q be a prime power and let C;, for v = 0,1, ..., q denote the cyclotomic

classes of order q + 1 in IF ;2. Then the cyclotomic numbers are given by

<07 0) = q—2,
(ivi) = (i,O) = (0’7;) = 0,
(t,7) = L(0#i#])
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Lemma 0.16.2. [39] Let p be a prime and let C;, for i = 0,1, ..., p denote the cyclotomic classes
oforderp+1inFp2. Let S; = C; U {0} fori =0,1,....p. If x ¢ S then |(x — S;) N C;| =1 for
eachi € {0,1,...p} \ {j}-

The following is our first construction.

Theorem 0.16.1. Let p > 2 be a prime and let C;, for i = 0,1, ..., p, denote the cyclotomic classes
of order p+ 1inF . Let S; = C; U{0} fori =0,1,...,p. Let V', j' € {0,1, ..., p} be fixed with

i' # j'. Let m = 0 (mod 2) be a positive integer, and define
Q=1+{0,2,....m —2} C Zy, forl =0,1.

Then Syj = Qo x Sy Uy x Sy is a partial geometric difference set in (Zy, x F2,+) with

parameters (mp*, mp; 3m*p, (2)?*p(p + 3)).

Proof: First note that Sy = F,,, and Sy, S; are both subgroups of (IF,2, +). For each z € F,2

and each i € {0,1,..,p} we have

|SZ|7 leES’L b, leESz,
(SSZ(Z) = — (0'8)

0, otherwise 0, otherwise.

We first calculate 5. Suppose that (h, z) € Sy ;. Then we have

Qo x Sy Uy x (Z — Sj/), if h € Qy,z €Sy,
(h,2) = Syyr = (0-9)
QO X (Z — Sz’) U Qy x Sj/, ifhe,ze Sj/.
Denote the number of occurrences of w in A(Syj) by n,. Then 3=, s, s, (7, 2) = (R, 2))
can be written
ZUEQOX{O} TLU + ZUEQOX(Si/\{O}) TLU + ZUGQlX((Z—S]/)\{Z}) TLU + Z’UEQ1X{Z} nv, lf h/ E QO, z E Si’)
teQOx{O} Ny + Zvegox(sj,\{o}) Ty + ZUEQ1><((Z—SZ»/)\{Z}) Ty + Zveﬂlx{z} Ny, if h €,z € 55

which, by (0-9), in both cases gives 3 = 2(%)2]?4- (%)Q(p —1)p+ (%)2]?—# (%)2]) = (%)gp(p—i- 3).
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We now calculate c. Suppose that (h, z) ¢ Sy;;. We have

(

Qg X (Z - Sl/) U x Sj/, if h € Qq,z € Sj/,

Ql X Si’ @) QO X (Z — Sj/), if h € Ql,Z € SZ'/,
(h,2) — Suy = (0-10)

Qp % (Z — SZ/) Uy x (Z—Sj/), if h € Qq, 2 ¢ Sy US]'/,

|1 % (2 = Sy) Ul x (z—=Sy)ifhey,z¢ Sy US;.

Using Lemma 0.16.2, it is easy to see that (h, w), where h € Qy, w € (2 —Sy) NSy and z ¢ Sy,
appears p times in A(Sy;), and each member of 2 x S appears m times. Similarly, (0, w),
where w € Sy N (2 — Sy) and z ¢ Sy, appears (2)*p times in A(S;;), and each member of
(23 x Sy appears m times.

We need to consider the two cases h € €,z ¢ Sy U Sy and h € Qy,2 ¢ Sy U S;. Notice

A(Si/j/) = Sz‘/j/S;jl/ = (Qo X Sy Uy X Sj/)(QO X Sy Uy X Sj/)_l

m _ m _ m _ m _
= 5(90, Si’Si/1> + 5(917 Si/Sj’l) + E(Qb Sj/si’l) + E(QO’ Sj/Sjll)
= (005U S,) + (0, 50 + 557 -1

Since C;NC; =D fori # jand f = % is even, we have by Lemma 0.7.1 that

p
GOl =CiCi=> (j—il—)C=> (j—il—i)C.
=0 I#i,5

Thus, by using (0-10) and Lemma 0.16.1, we can see that in the case where h € Qpand z ¢ S;US;/,
each member of )y x (z — S;/) appears m times in A(S;;), and a member (h, w), where h € ()
and w € (z — Sy) NSy, appears Fp times. Similarly, in the case where h € ; and w & Sy U Sy,
each member of ); x (z — Sy) appears m times in A(S;;/), and a member (h, w), where h € ()
and w € Sy M (z—Sj), appears %' p times. Thus we have a = Z(h’,z’)esi/j/ 05, ((h,2)— (W, 2")) =
(3Vp+m(3)p = dmp. A

Example 0.16.1. Let p = 5 and m = 4. Let vy be a generator of ;.. Then by Theorem 0.16.1

51,0 = {(0’ 0)7 (0’ ’7)’ (07 77)7 (07 713)7 (07 719)7 (27 O)? (27 7)7 (27 ’77)’ (27 ’713)’
(2,77, (1,0),(1,1), (1,2), (1,3),(1,4),(3,0),(3,1), (3,2), (3,3), (3,4)}
is a (100, 20; 60, 160) partial geometric difference set in Z4 X Fs2. By Theorem 0.3.1 this yields

a partial geometric design with parameters (100, 20, 20; 60, 102) whence, via Theorem 0.4.2, a

directed strongly regular graph with parameters (2000, 399, 140, 139, 60).

39



WK 2E T 228 S CHAPTER 4. PARTIAL GEOMETRIC DIFFERENCE FAMILIES

We give another construction of partial geometric difference sets in products of Abelian group-

Theorem 0.16.2. Let p be a prime and let C;, for i = 0,1, ..., p, denote the cyclotomic classes of
order p+1inF 2. Let S; = C;U{0} fori =0,1,...,p. Let ¢', j' € {0,1, ..., p} be fixed with i’ # j'.
Let {0,3},{1,4} C Z¢. Then Syjy = {0,3} x Sy U{1,4} x S is a partial geometric difference
set in (Zg X F,z2, +) with parameters (6p*, 4p; 8p, 20p).

Proof: We have already established in (0-8) that

p, if z € S;,
5S¢<Z) =

0, otherwise.

To calculate 5 we suppose that (h, z) € S;;». Then we have

0,3} x Sy U{2,5} x (2 — Sj), if h € {0,3},2 € Sa,
(h2)— Sy = {0,3} {2,5} x (= = 5y) {0,3} 012

{1,4} X (Z — Sﬂ) U {O, 3} X Sj/, if h € {1,4},2 S Sj/.

If we denote the number of occurrences of u in A(S; ;) by n,, then, using (0-12), we have

p = Z 55i/j/((hv Z) - (hlv Z/)) = Z Ny + Z Ny + Z Ty

(W' 2)ESy 1 ve{0,3}x{0} ve{0,3}x(S;\{0}) ve{2,5}x (2 5,1)
= 8p+38p+4p

= 20p.

We now calculate . There are seven expressions for (h,z) — S;;» depending on whether A is
contained in {0,3},{1,4} or {2,5}, and whether z is contained in Sy or S;/, or contained in
neither. These are simple to compute and we do not list them. Using Lemma 0.16.2 it is easy to
see that (h,w), where h € {0,3} and w € (2 — Sj) for z ¢ S, appears 2p times in A(Sy;),
and each member of {2,5} x S, appears 2p times. The cases where h € {1,4}, 2 € Sy, where
h € {2,5},z € Sy, and where h € {2,5},z € Sy, are similar to the previous case. We need to

consider the cases where z ¢ S; U S;/. Notice

A(Si/j/) = Si/j/S;jl/ = ({0, 3} x Sy U {1,4} X Sj/)({O, 3} x Sy U {1,4} X Sj/)il

= 2({0,3},9:5; ") +2({2,5}, S S5 ") + 2({1,4}, 5,5, 1) + 2({0,3}, 8555 1)
= 2(({0,3},p(Si U Sj)) + ({2,5}, S S;:") + ({1,4}, 5,57 1))
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Since C; N C; = P fori # jand f = % is even, we have by Lemma 0.7.1 that
p
GO =CiCy = (j—il=)Ci=Y (j—i.l—i)Cu.
1=0 1#£i,j
Thus, by using the expressions for (h, z) —S;/;» and Lemma 0.16.1, we can see that, in the case where h € {0, 3}
and z ¢ S; U S;/, each member of {2,5} x (z — S;/) appears twice in A(S;/;/), and a member (h, w), where
h € {0,3} and w € (2 — S;) N S/, appears 2p times. The cases where h € {1,4},z ¢ S;; U S;» and where
h € {2,5},z ¢ Sy US; are similar. Thus we can conclude thator = 3~ . 1y cq, , 0s,,,, ((h,2) — (R, 2")) = 8p.
O

Example 0.16.2. Let p = 3. Let v be a generator of Fs2. Then by Theorem 0.16.2

Sl,O = {(07 O)? (07 '7)7 (07 75>7 (37 O)a (37 ’7)7 (37 '75)a (17 O)a (17 1)’ (17 2)a (47 0)7 (47 1)7 (47 2)}

is a (54,12;24,60) partial geometric difference set in Zg x F32. By Theorem 0.3.1 this yields a
partial geometric design with parameters (54,12, 12; 24, 26) whence, via Theorem 0.4.2, a directed

strongly regular graph with parameters (648,143, 48,47, 24).

We next construct partial geometric difference sets from planar functions. For a more detailed
introduction to planar functions the reader is referred to [3] and [21].

Let (A, +) and (B, +) be Abelian groups of order n and m respectively. Let f : A — B be a
function. One measure of the nonlinearity of f is given by Py = max max Pr(f(z+a)— f(z) =

0£acA beB
b), where Pr(FE) denotes the probability of the event £. The function f is said to have perfect

nonlinearity if Py = % The following lemma gives many examples of perfect nonlinear functions
in finite fields. For a more complete list of the known perfect nonlinear functions, the reader is

referred to Section 1.7 of [21].
Lemma 0.16.3. [3] The power function x° from I ym to IFym, where p is an odd prime, has perfect
nonlinearity Py = me for the following values of s:

1. s =2,

2. s =p* + 1, where m/ged(m, k) is odd,

3. s = (3*+1)/2, where p =3, k is odd, and ged(m, k) = 1.
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We will use the following lemma.

Lemma 0.16.4. [3] Let f be a function from an Abelian group (A, +) of order n to another Abelian
group (B, +) of order n with perfect nonlinearity Py = +. Define C, = {x € A | f(x) = b} and
C = Upeptb} x Cy C B x A. Then

;

n, l.‘f(wlﬂwQ) = (070)7
|ICN(C + (w1, we))| =0, ifwy #0,ws =0,

1, otherwise.
\

The following is a construction.

Theorem 0.16.3. Let f be a function from an Abelian group (A, +) of order n to another Abelian
group (B, +) of order n with perfect nonlinearity Py = +. Define C, = {x € A | f(z) = b}
and C = J,ep{b} x Cy C B x A. Then C'is a partial geometric difference set in A x B with

parameters (n? n;n —1,2n — 1).

Proof: Suppose (h, z) € C. Then we have

B=(hz)=C = [J{h-0}x(z=C)

beB

= -0} x{z—z|zz €A fz) =0}

beB

Denote the number of occurrences of u in A(C) by n,,. Define Vi = Uy p\ 1y {h — b} % {0} and
Vo = Upeplh — b} x {2z —x|x,2€ A z#x, f(x) = b}. Then, using Lemma 0.16.4, we have

Z 5<(h’ Z) - (h/’ Z,)) = T0,0) + Z ny, + Z Ty
e

(b2 veV veVs

= n+0+(n—-1)

= 2n—1.

Now suppose (h, z) ¢ C. Define U = Uycp\ (ponp{h — 0} x {z — 2 | z € A, f(z) = b}. Then,
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using Lemma 0.16.4, we have

o= 8((h,z) — (W.,2) = ng—poro + P M
(W,z")eC vel
= 0+(n—-1)
= n-—1.

Corollary 0.16.1. Let f(z) = x° be a function from Fym to F,m, where p is an odd prime. Define
Cy ={z € Fym | f(z) =0} and C = U, {b} x Cp C Fpm X Fyn. If:

1. s =2,
2. s =p"+ 1, where m/gcd(m, k) is odd, or
3. s=(3"+1)/2, wherep =3, kis odd, and gcd(m, k) = 1.

2m . m.  m __

Then (Fym x Fym, Dev(C)) is a partial geometric difference set with parameters (p°", p"™; p
1,2p™ — 1).

Example 0.16.3. Let p = 3 and m = 2. Let f(z) = 2% The set C' = Ubng2 {b} x Cy is given by

{(0,0), (1,1),(1,2),(2,7°), (*.7°), (%, 77), (1), (0°.4%), (2,7°)}

and by Corollary 0.16.1 is a (81, 9; 8, 17) partial geometric difference set in Fz2 X F32. By Theorem
0.3.1 this yields a partial geometric design with parameters (81,9,9;0, 8) whence, via Theorem

0.4.2, a directed strongly regular graph with parameters (729,80, 24,23, 0).

Remark 0.16.1. Interestingly, the partial geometric difference sets constructed in Theorem 0.16.3
are almost difference sets [3] and so correspond to planar 2-adesigns (see Section 0.18). Con-
sequently these partial geometric difference sets must also satisfy the condition in Lemma 22 of

[39], where Nowak et al. investigated when an almost difference set is partial geometric.

In [39], partial geometric difference families in groups G = Z, where n = 4l for some
positive integer [ were constructed. We close this section by further generalizing this idea. The

proof is a simple counting exercise, and so is omitted.
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Theorem 0.16.4. Let G = Zo X Z,, where n = 4l for some positive integer l. Let H = (4) be the
unique subgroup of Z,, of order l. Define H+i={z+i |z € H} = {x € Z, | x = i(mod 4)} for
i=0,1,2,3 (i.e. the cosets of H in Z,,). Then both {0} x (H U (H +1))U{1} x (H U (H + 3))
and {1} x (HU (H + 1)) U {0} x (H U (H + 3)) are partial geometric difference sets in G with
parameters (81,41;61%,101%).

Example 0.16.4. With G = Zy X Z12 and H = (4) the unique subgroup of Z2 of order 3, by
Theorem 0.16.4 we have that the set {0} x (H U (H + 1)) U{1} x (H U (H + 3)), which is given
by

{(0,0),(0,1),(0,4),(0,5),(0,8),(0,9),(1,0), (1,3),(1,4),(1,7), (1,8), (1,11)},
is a (24,12;54,90) partial geometric difference set. By Theorem 0.3.1 this yields a partial geo-

metric design with parameters (24,12,12; 54, 45) whence, via Theorem 0.4.2, a directed strongly

regular graph with parameters (288, 143,67, 66, 54).

We next discuss some new partial geometric difference families.

0.17 New Partial Geometric Difference Families

We begin with the following construction.

Theorem 0.17.1. Let n = p“ where p is an odd prime and v > 2 is an integer. Let S =
{0,1,....,p* Y =1} and, forl = 0,1, ...,p*" !, define S; = (pl—1)S = {0,pl—1,2pl -2, ..., (p* ' —
Dpl—(p* ' —=1)}. Then S = {S; | 1 = 1,2, ..., p* '} is a partial geometric difference family with

u—1, u—2 u—1, u—2

parameters (p*, p*~ ', p*~t; (p~! — 1)p"~'p" 72 pt 4 (p* = 1)pIp ).

Proof: We will use the following property, which is easily seen to hold:

The members + (pl — 1), £(2pl —2), ..., £(p" ' — 1)pl — (p*~! — 1) each appear

u—1

in the multiset A(S;) with multiplicities p*~*—1,p" ' —2, ..., 1 respectively.

(0-13)

Also note that for s € S we have that +s(pl — 1) = F(p*~! — s)(pl — 1)(mod p*~!) for each [,
[=0,1,...p“ L
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Claim: For each s € S, the equation s(pl — 1) = v(mod p*) has p“~?2 solutions (s,[) for s,1 €

{0,1,...,p" 1}
Proof of Claim: Notice if pl — 1 = v(mod p") we have s(p(l +w) — 1) = v(mod p") if and only
if

sv + spw = v(mod p*). (0-14)

We can see that (0-14) holds if and only if s = 1(mod p). We know that (s,w) = (1,0) is a

solution. Now set s = 1 + p and w = pl’ + 1 for some I’ € {0, ..., p*~'}. Then we have

p+Dpl—D)+@+D)EI'+Dp=pl—1 & po+ @l +p+pl'+1)p=0
& ppl—1)+p*1+0)+p=0
& p(+1I+1)=0

& [+1I'+1=p@modp“ ).

Thus we can choose w = pl’ + 1 where I’ = —[ — 1(mod p“~') and we have a solution. Since there
are p“~2 such solutions, the claim is proved.
Thus we have that each element of Z,. not congruent to O(mod p“~!) appears in S; for p*—?
different values of [. Since 0 appears p* times in the multiset |_| " A(S)), and by (0-13), we must
have that if x € S; for some [ then
B=" dsx—y)=p"+> > pp
yes, | I yeSiaty

=p" 4 (p" ' — D)p I (since each S; contains 0)

Now notice that if we reduce the elements of S; modulo p“~! we get the set S = Sj. It follows then
that for any S}, and any x ¢ S, the set x — S; contains exactly one member congruent to 0(mod
p“~!). Then we have that if x ¢ S for all /, then

DR RIEVES WD M

yES] I yeS;,x2y(mod pu—1)

u2u1

=@ =1p"p

Example 0.17.1. Let p = 5 and u = 2 so that n = 25 and S = {0,1,2,3,4} C Zss. Then by
Theorem 0.17.1 we have that S = {S; | | = 1,2, ..., 5}, which is given by

{{0,4,8,12,16},{0,2,9,11,18},{0,3,6,14,17},{0,1,7,13,19}, {0, 21, 22, 23, 24} },
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is a (25,5,5;20,45) partial geometric difference family in Zos. By Theorem 0.3.1 this yields a
partial geometric design with parameters (25,5, 25; 20, 16) whence, via Theorem 0.4.2, a directed

strongly regular graph with parameters (625,124, 44,43, 20).

Our next two constructions further generalize Theorem 0.16.1.

Theorem 0.17.2. Let p be a prime, and for each i € {0,1,...,p} let S; = C; U {0} where C; is
the iith cyclotomic class of order p + 1 in Fj2. Let I C {0,1,...,p} such that |I| = 2k for some
positive integer k. Say I = {iy, ..., ia }, and define O to be the set of all pairs (i,j) € I x I such
that i # j and each member of I appears in exactly one ordered pair. Let m be a positive, even
integer. Define ) = 1 +{0,2,....m — 2} C Z,, forl = 0,1, and for each (i',j') € © define
Sy = Qo x Sy Uy X Sjy C Ly, x Fpo. Then S = {Syy | (',7") € O} is a partial geometric
difference family with parameters (mp*, mp, r; £3m?p, (2)*p(p + 3) + (k — 1)3m?p).

Proof: We have already established in Theorem 0.16.1 that if (h, z) € S;/;s then

m
D s, ((h2) = (W,2) = (3P0 +3) (0-15)
(h/,Z/)ESi/j/
and if (h, z) ¢ Sy then
ro 3 2
Z 5Si/j/((h7 Z) - (h x4 )) = Zm p. (0-16)
(h/,Z/)ESZ-/j/

Now let (h, z) € Sy for some (i, j') € ©q. Let (i, j) € O such that (i, ) # (7, j'). Denote the
number of occurrences of u in A(S;;) by n,. Using Equation (0-11) we have
>0 d((he) = (.2 = 4(5 ). ©-17)
(h’7z’)ESi/j/
Then, using Equations (0-15), (0-16) and (0-17), we have
B= 3 3 Fsy((hna) = () = (5o +3) + (5= DAG)p
p: ij ) ) 9 9 )
(h,Z)ES,L-/j/ (4,7)€O0
and if (h, z) ¢ Sy; we have
a= Z Z ds;: ((h1,21) — (h,2)) = §mzp+ (k — 1)4(@)2]9.
N ’ ’ 4 2

(h,z)ESl-/j/ (4,4)€00
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Example 0.17.2. Letp =5, m =4, [ = {0,1,2,3}, and © = {(1,0),(2,3)}. Then O satisfies the
condition in Theorem 0.17.2. Let vy be a generator of F:,. Then S = {S1, 523}, where

S0 ={(0,0),(0,7), (0,77, (0,7"%),(0,4"),(2,0), (2,7), (2,77), (2,7"),

(2,97),(1,0), (1,1), (1,2), (1,3), (1,4), (3,0), (3,1), (3,2),(3,3), (3,4)},

and

52,3 = {(07 0)7 (07 72)(07 78)? (07 714)7 (07 720)7 (27 0)7 (27 72>7 (27 78)> (27 714)7 (27 720)7

(1,0), (1,9%), (1,9%), (1,9%), (1,9%1), (3, 0), (3,9%), (3,7%), (3,97), (3,4},

is a (100, 20, 2; 140, 240) partial geometric difference family in Z4 X Fs2. By Theorem 0.3.1 this
yields a partial geometric design with parameters (100, 20, 40; 140, 162) whence, via Theorem

0.4.2, a directed strongly regular graph with parameters (2000, 799, 220, 219, 140).

The proofs of the following corollaries are omitted as they use simple counting principals

similar to those used in the proof of Theorem 0.17.2.

Corollary 0.17.1. Let p be a prime, and for each i € {0, 1, ...,p} let S; = C; U{0} where C; is the
ith cyclotomic class of order p+ 1 inF 2. Let I C {0, 1, ..., p} such that |I| = 2k for some positive
integer k. Say I = {iy, ..., i}, and define ©1 = {(iag, 1), (i1, 12), (i2,13), ..., (lox—1, l2x) }. Let m
be a positive integer. Define ) = 1+{0,2,...,m—2} C Z,, forl =0, 1, and for each (i, j') € O,
define Syj = Qo X Sy U X Sy C Ly, X Fp2. Then S = {Sy; | (i',7') € ©1} is a partial
geometric difference family with parameters (mp?, mp, 2k; %mzp + (2 — 1)4(%)%p, (2)*p(p +
3)+ (26— DA(Z)).

Corollary 0.17.2. Let p be a prime, and for eachi € {0, 1, ...,p} let S; = C; U {0} where C; is the
ith cyclotomic class of order p + 1 in F2. Let the integer r and ©., for e = 0 resp. 1, be defined
as in Theorem 0.17.2 resp. Corollary 0.17.1. For each (i',j') € ©, define Si,;, = {0,3} x Sy U
{1,4} x Sy C Zg x Fpo fore = 0,1, and §¢ = {S5,, | (i',5') € ©c}. Then S° resp. S' is a partial
geometric difference family with parameters (6p?, 4p, k; 8p + (k — 1)12p, 20p + (k — 1)12p) resp.
(6p?, 4p, 2K; 8p + (2k — 1)12p, 20p + (2k — 1)12p).

We close this section with the following construction.
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Theorem 0.17.3. Let G be an Abelian group of odd composite order n. Let H be a proper, non-

n/m—1

trivial subgroup of G of order m, and set k = ~——. Suppose that g, ...,g. € G are such that
{H+g;|1<i<k}isapartitionof G\ H. Then S = {H U (H + ¢;) | 1 <i < k} is a partial

geometric difference family with parameters (n, 2m, k; 2(n — m)m, 3(n — m)m).

Proof: If g € HU (H + g;) for some fixed ¢’ € {1, ..., x} then

(H+gs)UH, ifge H+ gy,
g—(HU(H +gs)) = (H+9)U(H+(9—97)) = (0-18)
H U (H — gy), otherwise.

If g¢ HU(H + gy), then
9— (HU(H +gv)) = (H+g)U(H+ (9 —9s)) (0-19)

where H + g and H + (g — g;) are distinct members of {H + ¢; | 1 <1 < x}. Also notice that,

for fixed i’ € {1, ..., k}, we have

A(HU(H +gs)) = (HUH +g0))(HU(H +g0))""

= 2HH '+ H(H +gy)"" + (H +gs)H "

= 2mH +m(H — gy) + m(H + gi). (0-20)

Let n,, denote the number of occurrences of u in A(S) = | |, A(H U (H + g;)). Then, using
(0-18) and (0-20), if g € H U (H + g;7) we have

B= 3 D Gustrea(s — g) = 26 H| + mlH + g+ m|H — gi| = 3(n — m)m.
g'€HU(H+g;) =1

and using (0-19) and (0-20), if g ¢ S we have

o= Z Sru+gn (9 — ¢') = 26m* = 2(n — m)m.
g'€HU(H+g;) =1

Example 0.17.3. Let G = Zy5 and H = (3) < G. Then by Theorem 0.17.3 we have that S =
{HU(H+1),HU(H —1)}isa(15,10,2;100, 150) partial geometric difference family in G. By
Theorem 0.3.1 this yields a partial geometric design with parameters (15,10, 20; 100, 40) whence,
via Theorem 0.4.2, a directed strongly regular graph with parameters (300, 199, 68,67, 100).
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Table 0-3  Parameters of partial geometric difference sets constructed in this paper.

Reference (v, k; o, B) Group Information
Theorem 0.16.1 | (mp?, mp; 2m?p, (2)?p(p+3)) | Zp X Fpe m even, p an odd prime
Theorem 0.16.2 (6p?, 4p; 8p, 20p) Ze x Fpe p an odd prime
AXx B
Theorem 0.16.3 (n%,n;n—1,2n—1)* (generic) | A, B both Abelian groups of order n
Theorem 0.16.4 (81, 4151012, 61%) Ly X Loy n = 4l for positive integer

*: This partial geometric difference set is an almost difference set and corresponds to a planar 2-adesign (see Section 0.18).

Table 0-4 Parameters of partial geometric difference families constructed in this paper.

Reference (v, k,n;a, ) Group Information
(", p*~ 50" 5, B)
a= (Pt —1)ptpr? p an odd prime,
Theorem 0.17.1 B=p“+ (p*~t —1)puipv—2 Zypu u > 2 an integer
(mp?, mp, k; K5m%p, (3)*p(p + 3) + (k — 1)mp) m even,
Theorem 0.17.2 1<kg< % Ly, X Fpp2 p an odd prime

(mp?, mp, 2k; , )
o= %me + (2k — 1)4(%)%p
B=(%)pp+3)+ (2 - 1A(F)%p

m even,
Corollary 0.17.1 1<kg< % Ly, X TFp2 p an odd prime
(6p°,4p, 5:8p + (k — 1)12p,20p + (k — 1)12p)
Corollary 0.17.2 1<kr< % Zg x Fpe p an odd prime
(6p%, 4p, 2r; 8p + (25 — 1)12p, 20p + (2x — 1)12p)
Corollary 0.17.2 1<k< % Zg x Fpe p an odd prime
(& Abelian of odd,
(n,2m, 5 2(n — m)m, 3(n — m)m) G composite order
Theorem 0.17.3 K= "/mT*l (generic) n with m|n

The following table accounts for the directed strongly regular graphs with less than 110 vertices
constructed in this paper. We provide the parameters of the directed strongly regular graphs, the
theorem in this paper by which it is constructed, as well as the references of other works in which

the parameters have previously appeared.
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Table 0-5  Parameters of directed strongly regular graphs with less than 110 vertices constructed in this paper.

(v, k, t, A\ ) Ref. in this paper Information Param. appear in
(27,8,4,3,2) | Corollary 0.16.1 | p=3,m = 1, f(z) = a2 [2], [26]
(32,15,9,8,6) Theorem 0.16.4 =1 [25]

(48,31,23,22,16) | Theorem 0.17.3 G =17, H = (3) [25], [26], [44]
(81, 26,14, 13, 6) Theorem 0.17.1 p=3u=2 [25]
(108,35,17,16,9) | Theorem 0.16.1 p=3,m=2 [26], [44]

0.18 Partial Geometric Designs, Adesigns, and Their Links

We first discuss an important connection between partial geometric designs and tactical con-
figurations that have exactly two indices, i.e., tactical configurations (V, ) where there are integers
p1 # po such that for any pair of distinct points x,y € V, r,,, € {1, o }. If A is the v x b incidence
matrix of a tactical configuration (V, B) with v points, b blocks, and the two indices p; # p2, then
we will denote by A; the symmetric matrix whose (i, 7)th entry is 1 if the points corresponding to
the ¢th and jth rows of A are contained in exactly x; blocks, and is 0 otherwise. We will need the

following lemma.

Lemma 0.18.1. [37] An incidence structure (V, B) is a partial geometric design with parameters
(v, k,r; ', B) if and only if its incidence matrix A satisfies
AJ =rJ,JA=kJand AATA=n'A+dJ,
wheren' =r+k+p —ao — 1.
Suppose (V, B) is a partial geometric design with parameters (v, k,7; ¢/, ) and the two in-
dices 1 # 9. Let A be the incidence matrix of (V) B). It is easy to see that A satisfies

AAT = v + Ay + po(J — Ay = I). (0-21)
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Since (V, B) is partial geometric, by Lemma 0.18.1 we have that A also satisfies
WA+ o/ J=AATA = (r — po) A+ (1 — po) AL A + piok J. (0-22)

Then, using (0-21) and (0-22), we must have that A A = vA + ((J — A) for some integers v and
(. Moreover we must have n’ + o' = r — s + v and o’ = ( + pgk. This means that, for each pair

(z,b) € V x B, we have

v (=n"4+d —r+p), ifreb,
’{yEb‘y#xarxy:,ule (0'23)
¢ (=dad — pk), otherwise.
Note that condition (0-23) is necessary and sufficient.
Now set 0 = 7 — jig, ¢ = i1 — iz and ¢ = v — (. Then we can write AAT = oI +pA; + o]
and Ay A = YA+ (J. By Lemma 0.18.1, and since A; is symmetric, we have
krJ = AATJ = A J +oJ + pgkJ = JAAT,

Then, after some simple arithmetic, we can get

A =JA =kJ (0-24)

K — (k—=1)r+p2(1—v)

L 2—. Now sete = (r — p2(k — 7). Then we have

where

(VA + AT = AJAAT = pAT + 0 AL + pr] & QAT+ 0 A, — oA +pol = e
-~ A%:k/[—‘-@Al—Fb(J—[—Al),
(0-25)

G_Jf’", a = % and b = % are integers (note that £’ = x follows from (0-24)).

From (0-24) and (0-25) it is clear that A; is the adjacency matrix of a strongly regular graph with

where k' = Kk =

parameters (v, k', a, b) (see Subsection 0.4). We have thus shown the following.

Lemma 0.18.2. A tactical configuration with the two indices 1, # s and incidence matrix A is
partial geometric with parameters (v, k,r; o/, ') if and only if there are integers v and ( such that
for each pair (x,b) € V x B,

v (=n"+d —r+p), ifr€bd,

Hy€bly#x,rey =} =
¢ (=d — uk), otherwise,

and Ay is the adjacency matrix of a strongly regular graph with parameters (v, k', a,b) where

K= Y0 g = SHYOT pnd b = £ Moreover, k' = E=brtmed=v)
¢ é é H1— 2
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It is interesting that Condition (0-23), when combined with (0-21), leads to the strongly reg-
ular graph described by (0-25). We can see that Lemma 0.18.2 describes a special class of block

designs that have two indices. We now discuss a particular subclass of these block designs.

A tactical configuration (V,B) with the two indices p; and py such that py — pg = 1 is
called a 2-adesign. Adesigns were were recently introduced in [21], and reported on in [24] and
[35], where several constructions are given, and codes generated by the incidence matrices are

computed.

Theorem 0.18.1. A 2-(v, k, \) adesign with incidence matrix A is partial geometric with parame-
ters (v, k,r; o/, 3') if and only if there are integers v and ( such that for each pair (x,b) € V x B,
v (=n"4+d —r+ ), ifzeb,
{yebly#x,roy = m}| =
¢ (=d — \k), otherwise,
and Ay is the adjacency matrix of a strongly regular graph with parameters (v, k', a,b) where
k' =€ —o,a =€+ — o and b = e. Moreover, the following relations hold: 0 = r — \,i) =
n—r+Ak+1),e= o+ ANk+r—2kr+0 —o —1)+drand k' = (k—1)r + A1 —v).

We can see that Theorem 0.18.1 describes a special class of 2-adesigns. There seem to be

even fewer examples of these, and the few examples we can find have long since been discovered.

Example 0.18.1. Partial geometries in which not every pair of points is contained in a line is one
obvious example. It is clear that partial geometries satisfy the condition given in Lemma 0.18.1,
and that we will have every pair of points contained either in one line, or in no line [7]. Partial

geometries have extensive applications in combinatorics and information theory.

Example 0.18.2. Let (V, B) be a quasi-symmetric design with intersection numbers sy and s such
that sy — s1 = 1. Several families of such quasi-symmetric designs are known to exist [45]. It is
well-known that the dual of any balanced incomplete block design is a partial geometric design

[41]. Then the dual (V,B)* of (V, B) is a partial geometric 2-adesign.

Example 0.18.3. Let p be an odd prime. Let DY 1 denote the ith cyclotomic class or order p + 1

in B . It was shown in [39] that (F,2, Dev(D?™)) is a partial geometric design. It is easy to see
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that (F 2, Dev(DY™)) has the two indices jy = 1 and jig = 0 (see [38]). Then (F,2, Dev(DP*™))

is a symmetric partial geometric 2-adesign.

Example 0.18.4. Let C be the partial geometric difference set from Theorem 0.16.3 in the Abelian
group A x B of order n®. Then (A x B, Dev(C)) is a partial geometric design, and it was shown
in [3] that (A x B, Dev(C')) has the two indices ji; = 1 and pi5 = 0. Then (A x B, Dev(C)) is a

symmetric partial geometric 2-adesign.

0.19 Concluding Remarks

We have constructed several families of partial geometric difference sets and partial geometric
difference families whose parameters are recorded in Table 0-3 and Table 0-4 respectively. These
families have new parameters and so give directed strongly regular graphs with new parameters.
We discussed some links between partially balanced designs, 2-adesigns, and partial geometric
designs and made an investigation into when a 2-adesign is partial geometric. The condition noted
in Lemma 0.18.2 seems surprisingly strong, and describes a special class of partial geometric
designs that correspond (via (0-25)) to strongly regular graphs. The condition noted in Theorem

0.18.1 1s also strong and describes a special class of 2-adesigns.
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